A novel mesoscopic electron spectrometer allows for the probing of relaxation processes in quantum Hall edge channels. The device is composed of an emitter quantum dot that injects energy-resolved electrons into the channel closest to the sample edge, to be subsequently probed downstream by a detector quantum dot of the same type. In addition to inelastic processes in the sample that stem from interactions inside the region between the quantum dot energy filters (inner region), anomalous signals are measured when the detector energy exceeds the emitter energy. Considering finite range Coulomb interactions in the sample, we find that energy exchange between electrons in the current inducing source channel and the inner region, similar to Auger recombination processes, is responsible for such anomalous currents. In addition, our perturbative treatment of interactions shows that electrons emitted from the source, which dissipate energy to the inner region before entering the detector, contribute to the current most strongly when emitter-detector energies are comparable. Charge transfer in which the emitted electron is exchanged for a charge carrier from the Fermi sea, on the other hand, preferentially occurs close to the Fermi level.
I. INTRODUCTION
Coherent transport in chiral quantum Hall edge channels of mesoscopic devices is of considerable conceptual importance. Chiral channels enable the electronic implementation of originally optical interferometers, such as of the Fabry-Perot 1 or of the Mach-Zehnder 2,3 type. In the electronic versions of such devices, interference occurs between the paths of the respective quasi-particles, which may enable the observation of anyonic statistics in the fractional quantum Hall regime. 4, 5 Moreover, the implementation of quantum computational operations using edge channels is conceivable. 6 Relaxation dynamics of the electronic system plays a crucial role for transport properties of quantum Hall edges. Generically, relaxation processes exert a detrimental influence on coherence properties of edge channels, such as, e.g., on the interferometers' fringe visibility. 2, 3, [7] [8] [9] In addition to the fundamental interest in the phenomenon, it is therefore desirable to acquire a comprehensive picture of possible mechanisms which contribute to relaxation of non-equilibrium charge carrier distributions.
To study relaxation properties of quantum Hall edge channels, le Sueur et al. 12 devised an experiment in which a quantum point contact induces a non-equilibrium distribution into the outermost of two edge channels, which is energetically probed downstream by a quantum dot. During propagation, interactions between the outer and inner channel cause relaxation of the initial distribution. Surprisingly, a significant amount of energy induced into the setup is lost to inaccessible degrees of freedom. [13] [14] [15] A further experiment 16 to study relaxation in edge channels, that controls the energy of quasiparticle excitations by an RF-circuit, probes intermediate relaxation by means of a downstream Ohmic contact. The modes of the channels are found to be dissipative, while also in this setup the degrees of freedom that absorb the dissipated energy remain undetermined.
At the ETH Zürich an electron spectrometer was used to probe energetic relaxation in edge channels by means of two successive quantum dots in a novel experiment to identify relaxation mechanisms in quantum Hall edges; 10, 11 A similar setup has also been realized with shorter propagation paths. 17 A typical sample, as depicted in Fig. 1a , is composed of a source and a drain lead, coupled to an intermediate reservoir via an emitter and a detector quantum dot. The quantum dots act as energy filters for incoming and outgoing electrons. In a strong external magnetic field, the electrons are confined to chiral quantum Hall edge channels. The current measured in the drain lead of the spectrometer is displayed in Fig. 1b , as a function of emitter and detector energy. In addition to signals that arise when the filter energy of the detector quantum dot is tuned below the energy of the emitter quantum dot (triangles I and II in Fig. 1b) , 18 anomalous signatures appear when the detector energy exceeds the emitter energy (triangles III and IV in Fig. 1b) .
The central goal of this paper is to demonstrate, from first principles, that the spectroscopic response in III and IV in the ETH spectrometer detector current, in which the detection energy exceeds the emission energy, is a consequence of interactions between electrons in the spatially separated source lead and reservoir region of the device. We show that such interactions cause direct transfer of energy to the sample's reservoir, that stems from Auger-like plasmon recombination processes in the source. These processes are enabled by source electrons recombining with holes that are left behind by electrons emitted into the reservoir. Our findings indicate that such processes may very well at least partly account for the unexpected energy loss reported in Refs. [12] and [16] , which calls for controlling the relevant degrees of freedom in upcoming experimental setups, and for the consideration of such processes in further theoretical studies of [10] and [11] ) (a) Mesoscopic sample for the spectral selection of charge carriers. Electrons from a source electrode are injected at a well-defined energy into a reservoir region via an emitter quantum dot. Subsequent energy selection at a detector quantum dot allows for the probing of intermediate relaxation of the electrons in the reservoir region. In the presence of a strong magnetic field, the electrons propagate along chiral quantum Hall edge channels (blue line). (b) Drain lead current of the sample displayed in Fig. 1a in a strong magnetic field, as a function of the voltages applied to emitter and detector quantum dot (note that emitter energies increase towards the bottom and detector energies increase towards the left).
Depending on the detector quantum dot voltage, the energy introduced by electrons from the source electrode gives rise to either an electron current (red) or a hole current (blue) through the detector into the drain. Currents are also measured when the detector energy exceeds the emitter energy (relative to the reservoir chemical potential, triangles III and IV).
energy relaxation. For our purpose, we need to take tunneling as well as interactions between the reservoir and source channel into account in our analysis. In addition, interactions within the sample's reservoir are considered, that account for the regular features I and II.
Theoretical models to capture mechanisms causing relaxation in edge channels often treat electron-electron interactions as a contact interaction, in a perturbative approach 14 or employing bosonization techniques. The inflow of electrons into the edge is described either by an initial non-equilibrium distribution in the channels, 15, 19 or by a perturbative [20] [21] [22] treatment of tunneling to noninteracting leads. Some studies have taken into account finite or long range interactions to describe either intra 15, 23 -or interchannel 15, 24 relaxation, treating tunneling to leads perturbatively, or by considering an initial non-equilibrium distribution in the channels.
To relate distinct contributions observed in the spectrometer's detector current to specific interaction events and transfer processes, we employ a perturbative approach within the Keldysh non-equilibrium Green's functions framework in a Fermionic picture. The complexity of the diagrammatic approach, treating both interactions and tunneling simultaneously, rapidly increases with the perturbation order. To retain tractability, we consider second order Coulomb interactions, which is the lowest order that captures relaxation. This corresponds to transition amplitudes, and thereby to physical processes, that involve the emission and absorption of one virtual photon. We limit our analysis to one channel per edge, considering finite range interactions. This constitutes the minimal model to generate current in all triangles I to IV for second order electron-electron interactions, and to thereby capture the experiment's essential features. Tunneling processes beyond one transmission event per quantum dot 25 can be neglected if tunnel coupling to the quantum dots is weak, since these processes are typically suppressed by the ratio of the tunnel coupling strength to the intrinsic energy scales of the setup, such as the injection and detection energies as measured from the Fermi sea, or the energy of virtual photons. For finite range interactions, processes in which two electrons pass one of the quantum dots consecutively are furthermore suppressed due to the Pauli principle, by the ratio of the screening length to the length of the spectrometer.
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Additional features of the detector current, that require going beyond second order perturbation theory in interactions, are discussed in Section IX.
The description of the aforementioned Auger-like recombination processes in the source channel, depicted in Fig. 17 , constitutes our central result. The diagrams which correspond to these processes in our perturbative approach, shown in Figs. 16 and 18, generate current exactly in triangles III and IV, as is apparent from Eqs. (55) and (57). Figure 19 furthermore shows the current generated in all triangles I to IV, compare Fig. 1b . Figure 20 shows the evolution of the initial edge channel distribution for increasing spatial separation of the quantum dots.
The paper is structured as follows: in Section II, we ′ ′ Figure 2 . Sketch of the experimental sample: Source (L), drain (R), and reservoir region (I) channels are held at the chemical potentials µL, µR, and µI , respectively. The source and drain channels are coupled to the reservoir region via the emitter quantum dot at energy ωL and the detector quantum dot at energy ωR, with tunneling coupling strength Γ.
introduce a model Hamiltonian to describe the ETH sample, devised to capture the distinct features of the current measured in the detector quantum dot. In Section III we develop a general expression for the detector current in terms of the Keldysh non-equilibrium Green's functions technique. In Section IV we solve our model for the case without interactions between charge carriers. In Section V we develop systematics in Keldysh space when interactions are taken into account. In Sections VI and VII we introduce interaction terms within the reservoir, as well as between reservoir and source lead, respectively, before we evaluate the general expressions resulting from our approach for a finite range model interaction in Section VIII.
II. MODEL AND ENERGY SCALES
In this section, we present a model devised to capture the individual contributions I to IV, displayed in Fig. 1b , to the inelastic current measured in the electron spectrometer.
A sketch of the sample is shown in Fig. 2 : the source channel to the left (L), the drain channel to the right (R), and the intermediate (I) reservoir channel are held at the chemical potentials µ L , µ R , and µ I , respectively. Before interactions are considered, these channels are described as a one-dimensional chiral free electron gas with linear dispersion relation. The spatial coordinate along the channels thereby runs from negative to positive infinity, where periodic boundary conditions are imposed, and effects of curvature are not taken into account. Note that we restrict the treatment to a single edge channel per region. The experimental data suggests that interactions are of sufficient range to enable intra-channel relaxation, 15, 23 to partially and qualitatively account for the signal in triangles I and II.
The source lead is tunnel-coupled at position x L to the emitter quantum dot, described as a single resonant level ω L . In the same way the drain lead couples to the detector quantum dot ω R at position x R . Both quantum dots are in turn coupled to the reservoir region at their respective positions x L and x R along the reservoir channel.
While it suffices to take into account interactions within the reservoir channel to generate triangles I and II, generation of triangles III and IV additionally requires accounting for interactions between the source and reservoir channels, as will be shown in sections VI and VII. The total Hamiltonian of the model is thus composed of three contributions,
H 0 contains the description of the individual parts of the system without tunneling or interactions,
Herel kα denote the fermionic annihilation operators of the left and right leads,d α of the left and right quantum dots, andr k of the intermediate reservoir region. The tunneling Hamiltonian
describes tunneling coupling between the lead channels and the dots, as well as between the dots and the reservoir region. The tunneling amplitudes t kαα = t exp(−ik α x α ) and t kα = t exp(−ikx α ) contain the system's spatial information and describe the local coupling of the leads to the left and right dots at x L and x R , as well as the local coupling of the dots to the reservoir at x L and x R , respectively, x L < x R . The amplitudes t are assumed to be momentum independent and equal for all tunneling to the left and to the right quantum dot, and determine, in combination with the density of states ρ in the respective lead, the tunneling coupling strength Γ = 2π|t| 2 ρ. The interaction Hamiltonian
generally depends on the lead and reservoir creation and annihilation operators in a way that will be specified when the respective interactions are accounted for in Sections VI and VII. Energy scales in the experiment are approximately Γ ∼ 1µeV 10 where T is the temperature of the sample. Due to the proximity of the top gates to the two-dimensional electron gas in the experiment (∼ 90nm), as our main assumption, we estimate the screening length λ to be by an order of magnitude shorter than the distance between the quantum dots, λ ∆x. Calculations are performed at T = 0, which gives rise to an error whenever ω L and ω R are within a range of k B T to either chemical potential µ L or µ R for elastic transfer, or within a range of k B T to the outlines of triangles I to IV for inelastic transfer, as is illustrated in Section VI B 1.
III. GENERAL EXPRESSION FOR DRAIN LEAD CURRENT
The central observable in the electron spectrometer is the current through the drain lead. In this section, a general expression for this current is stated, which serves as the basis for all further considerations. Within the framework of the Keldysh non-equilibrium Green's function formalism, the goal is to express the current in terms of the full Green's functions of the reservoir region, containing both information about tunneling as well as about interactions, following the approach of Ref. [27] .
The current through the drain lead is given by
After Fourier transformation, we obtain
where we used the definition of the lesser Green's function G
h on the Keldysh contour. In the following we seth = k B = 1 and adopt a matrix notation in which D L/R denotes the index of the left/right quantum dot, L L/R denotes the indices of the left/right lead, and I denotes the indices of the intermediate reservoir region. In this section, all Green's functions depend on the energy ω, which allows us to suppress this dependency in our notation. Thus, (6) is written as
Taking the detector quantum dot and the right lead to be non-interacting allows to recast (7) into the desired general form
as is shown in Appendix A. In (8) ,
describes charge carriers passing back and forth between the detector dot and the right lead, where
denotes the tunneling self-energy of the isolated drain lead. The tunneling self-energy of the interacting reservoir region
contains the Green's function of the reservoir region G II which develops with the total Hamiltonian H. In the following sections, this Green's function will be evaluated for different types of interactions, and determines the drain current. Written explicitly, the general expression for the current (8) reads
Here
reflects the broadening of the detector quantum dot's energy level due to the coupling to the drain lead. 28 The occupation of the drain lead is described by the Fermi distribution f R , and the tunneling coupling strength Γ(ω) is here determined by the density of states ρ(ω) in the drain lead.
IV. NON-INTERACTING CASE
In this section, we solve the non-interacting case, setting H V ≡ 0. We treat the intermediate reservoir region as a one-dimensional chiral channel with right-moving particles and linear dispersion relation, such that k = vk in (2), where v is the channel's Fermi velocity.
In this case, the Green's function of the reservoir region develops according to the Dyson equation
with the tunneling self-energy
in which The superscript T in (14) indicates that these Green's functions of the intermediate region develop without interaction terms. The kinetic equation for the lesser component of (14) reads
with "<→>" for the greater component. Here, the superscripts r and a denote the retarded and advanced components of the respective Green's functions. Upon insertion into (8) , the first term of (17) gives rise to a current exchanged directly between the intermediate reservoir and the drain lead which depends on the respective chemical potentials of those regions µ I and µ R . The second term of (17) gives rise to a current depending on the chemical potentials µ L and µ R of the source and the drain lead. Evaluation of the respective transition self-energies is presented in Appendix B. The explicit expression for the current of the noninteracting system then reads
with transmission coefficient
and reflection coefficient
Since no interactions between electrons have been considered so far, the explicit formula for the current through the drain lead (18) coincides with the Landauer-Büttiker result. 27 The first line in (18) , which describes current exchanged directly between the reservoir region and the drain, shows that charge carriers provided by the reservoir must be reflected at the emitter quantum dot before they can be transmitted through the detector, see Fig. 2 . The second line in (18) requires transmission through both quantum dots at the same energy, and therefore constitutes the contribution of elastically transferred electrons.
At zero temperature and for constant density of states in the source, drain, and reservoir region, i.e. constant Γ, (18) is given by
where for the elastic current transmitted through both dots, which corresponds to the second line of (18), we have
The current (21) is displayed in Fig. 3 , for large bias between source and drain lead, and for (3a) slightly pos- Figure 4 . Tunneling-dressed (a) polarization and (b) exchange self-energy diagrams. Diagrams that determine the current through the drain are terminated by Green's functions of this channel (red lines). Tunneling (black crosses) from the intermediate region (blues lines) to the source (red lines) and drain channel through emitter and detector quantum dot, respectively, generates 27 diagrams for both self-energies. These 27 diagrams correspond to 27 distinct physical processes. Limiting tunneling as described in Section VI, only three of those processes remain.
itive, (3b) zero, and (3c) slightly negative bias between reservoir and drain lead.
V. GREEN'S FUNCTIONS IN THE PRESENCE OF INTERACTIONS
In this section, a systematic scheme to develop the contour ordered Green's functions is presented, for the case in which interactions within the reservoir region are considered.
The central object to determine the current through the drain lead (8, 12) are the lesser and greater Green's functions of the reservoir region, governed by the total Hamiltonian H, for which we have the kinetic equation
with the replacement "<→>" for the greater component. Since Green's functions and self-energies in (23) depend both on tunneling and interaction Hamiltonians, H T and H V , respectively, a method to separate those dependencies is desirable. In a diagrammatic expansion of Green's functions which include both these types of processes, it is possible to rearrange terms such that each interaction event is succeeded by all possible tunneling events, before the next interaction event is considered. This leads to the Dyson equation
for the Green's function of the reservoir region. Here, the tunneling Green's function G T II , previously encountered in (14) , develops only with the tunneling self-energy, and all bare Green's function lines g II in the usual interacting self-energy without tunneling are replaced by G T II . This prescription defines the self-energy Σ IVI .
In a next step, the Dyson equation (24) is truncated after the first iteration, i.e.
which allows us to take into account the second order of interactions in the interacting self-energy Σ IVI in section VI. Applying the Langreth rules to (25), we find
with "<→>" for the greater component of the Green's function. The first term in (26) gives rise to the noninteracting current of section IV. The second and fourth terms in (26) constitute corrections to this current due to the interaction term. This follows from the fact that the lesser tunneling Green's functions (and the greater tunneling Green's functions of the corresponding expression) in (26) are evaluated at the same energy ω as the lesser and greater Green's function of the drain lead, which enter the general formula of the current (8) via the corresponding tunneling self-energies, Σ </> DRLRDR . Thereby, the current generated by the latter terms is confined to the same regions in the ω L /ω R space as the elastic current shown in Fig. 3 .
The third term in (26) gives rise to inelastic contributions to the current, since the lesser/greater interacting self-energies entail equilibration at energies different from ω, as is demonstrated in the following section.
VI. INTERACTIONS IN THE RESERVOIR REGION
In this section, Coulomb interaction between electrons in the reservoir region is explicitly taken into account. The interaction is described by the Hamiltonian
where
is the Fourier transform of the Coulomb matrix element γ r in real space. In a diagrammatic approach, the first order Hartree and Fock contributions contain divergent terms, which have been shown via a bosonization calculation to correspond to a mere shift of the chemical potential. 29 The converging part of the exchange contribution additionally gives rise to a momentum dependent renormalization of velocities, which saturates above 1/λ. Below this value, second order diagrams largely cancel. In Keldysh space, the first order contributions act in the same way as one-body potentials, and therefore do not give rise to inelastic processes.
30 Thus, we neglect these contributions, and exclusively consider the polarization and exchange diagrams in the interacting self-energy, which are the lowest order diagrams generating inelastic current. The tunneling-dressed versions of these diagrams, which correspond to the third term of (26) , are displayed in Fig. 4 .
In the following, we consider equal chemical potentials in the reservoir and drain lead regions, µ I = µ R . We consider one transmission event per quantum dot, i.e. we collect all tunneling amplitudes which combine to the product T L T R , cf. (19) , discarding further tunneling processes. In this way, we disregard processes in which more than one electron passes through the same quantum dot. For contact interactions, such processes are precluded by the Pauli exclusion principle, since in this case the emitted electron and excited electrons arrive at the detector at the same time. Explicit evaluation of such processes for finite-range interactions shows that the approximation is justified as long as the screening length is smaller than the dot separation, λ ∆x. The approximation overestimates currents within a range of Γ of the lines of zero-momentum transfer, i.e. the hypotenuses of triangles I to IV, for inelastic transfer. Furthermore, processes in which the initial source electron returns into the emitter quantum dot after interacting with electrons in the reservoir are neglected.
A. Corrections to elastic current
The interaction corrections to the elastic current are the second and fourth term in expansion (26) . The explicit expression for the correction in terms of Green's functions is contained in Appendix C 1.
After collection of those tunneling amplitudes which combine to the product of the transition probability through the left and the right dot (19) , evaluation of the correction terms requires the retarded and advanced components of the self-energy Σ IVI to zeroth order in tunneling amplitudes, denoted by Σ. These components are obtained from the respective lesser/greater elements 31 upon employing the Kramers-Kronig relation
0 Figure 5 . Corrections due to interactions between electrons cause the elastic current (33) to decrease from the maximum value I max R as the distance ω = ωR = ωL of emitter and detector quantum dot energies is increased from the Fermi level µR. Elastic current close to zero indicates parameter values for which the perturbative approach to second order in interactions becomes unphysical, cf (33) and (34). (Plot includes (31), (32), and interchannel correction (51), parame-
The matrix elements are given by
Here we have defined
exch to which, at zero temperature, the polarization diagram contributes (see also Ref. [29] ) with
and the exchange diagram contributes
For E 2 decaying sufficiently fast as ω → ∞ in the complex plane, and upon neglecting poles of E 2 , which holds for λ x, the corrected elastic current becomes
cf. Appendix C 1. The corrected current changes direction when the bracket in the second line of (33) takes on negative values, rendering the present approximation unphysical at corresponding parameter values. 32 The approach is thus constrained by the condition
A plot of the corrected elastic current (33) is shown in Fig. 5 for the screened finite range interaction
with constant ν 0 and screening length λ. The poles of (35) are located at q = ±i/λ such that their contribution to the elastic correction is suppressed by exp (−∆x/λ), cf. (C5). Approximation (33) is thus valid as long as λ ∆x. Under this assumption, for (35), as well as for qualitatively similar screened interactions, condition (34) imposes restrictions on admissible values for interaction strength, dot separation, screening length, as well as injection energy.
where ω corresponds to either dot level ω R or ω L . Corrections due to interactions cause the elastic current to diminish as the injection and detection energies increase from the Fermi level.
B. Inelastic contributions
Inelastic contributions to the current are determined by the third term of expansion (26) of the lesser and greater reservoir Green's function on the Keldysh contour. According to the Langreth rules, each of the electron lines in Fig. 4 of the lesser self-energies in (26) corresponds to a lesser component Green's function, while the hole line corresponds to a greater component Green's function. For the greater self-energies, the opposite relations hold. Each of these lesser/greater tunneling Green's functions,
allows for equilibration in all of the setup's channels: while the first term in (36) corresponds to equilibration in the reservoir itself (middle blue lines in Fig. 4) , the second and third term are associated with equilibration in the source (green lines) and drain (red lines) leads, respectively. Thereby, both diagrams in Fig. 4 are related to 27 distinct relaxation processes.
These processes are revealed upon dividing the diagrams at the innermost Green's function lines, see e.g. Fig. 7 . While the polarization diagrams are related to the probability of the individual processes (here the left half of each diagram corresponds to the complex conjugate of the respective right half), the exchange diagrams are related to interference terms due to indistinguishability of the electrons involved in these processes. The diagrams are terminated by drain lines, since the current in this channel is calculated.
Diagrams are evaluated at zero temperature T = 0, for equal chemical potentials in the reservoir and drain region µ I = µ R , and for delta function energy filter quantum dots, i.e. upon invoking the approximation
Taking into account only one charge carrier transfer process per quantum dot, as described in the last paragraph of Section VI, three of the 27 possible processes remain.
In the remainder of the section, these processes will be evaluated.
(a) Direct electron current process (b) Electron swap process (c) Hole current process Figure 6 . Introducing interactions within the reservoir channel of the sample, three second order processes contribute to the inelastic current: (a) In the first process, an incoming electron generates an electron-hole pair, and subsequently enters the detector quantum dot at a lower energy. (b) In the second process, the electron of the pair enters the detector, while the initial electron equilibrates in the reservoir region. Due to indistinguishability of the electrons, processes (a) and (b) interfere. (c) In the third process, the hole of the pair can escape into the detector when the latter's energy is tuned below the Fermi level.
Direct electron current process, polarization diagram
The first inelastic process considered is shown in the diagram in Fig. 7 . The dynamics which corresponds to this diagram is depicted in Fig. 6a : an electron from the source lead enters through the emitter quantum dot into the reservoir region. In the reservoir region, this electron dissipates energy upon creation of an electron-hole pair. While the initial electron is transmitted through the detector dot into the drain lead, the electron and hole of the pair equilibrate in the reservoir region.
The current generated by the diagram expressed in terms of Keldysh Green's functions (C7) is contained in Appendix C 2. Collecting tunneling amplitudes which combine to the product of the transition probabilities T L and T R through the left and right dot at energies ω + ω and ω, respectively, this contribution becomes
For delta-like filters (37) and µ I = µ R , inelastic contribution (38) turns into
For infinite temperature, (40) becomes whereas at zero temperature we find
The first line of (42) contains spatial and energetic dependencies of the current. The second line of (42) describes the outline of triangle I in Fig. 1b , in the EmitterDetector energy space. Figure 8 shows the current (40) at given bias ∆µ = µ L − µ R and emitter energy ω L for several values of the temperature, for the model interaction (35). At temperatures comparable to the experimental value, T = ∆µ · 10 −2 (red line), except within a range of T to the outline of triangle I, the current is in good agreement with its value for zero temperature (green line). All following diagrams are thus evaluated at T = 0. At infinite temperature (blue line), the current is proportional to the bias ∆µ, and its emitter-detector-energy dependence is completely determined by the form of the interaction, cf. (39) and (41).
Electron swap process, polarization diagram
The contribution of the second inelastic process is determined by the diagram displayed in Fig. 9 . In contrast to the previous physical process considered in Fig. 6a , here the electron of the electron-hole pair generated in the reservoir region enters the detector quantum dot, as depicted in Fig. 6b . Since the involved electrons are indistinguishable, the two processes interfere. The information about this interference is contained in the diagrams Figure 9 . Diagram corresponding to the process depicted in Fig. 6b , in which the source electron is swapped for an electron from the Fermi sea, subsequently entering the detector quantum dot.
of the exchange self-energy, as will become apparent in section VI B 4.
Analogously to section VI B 1, the contribution of the diagram to the current, expressed in terms of Keldysh Green's functions (C8), turns into
The second line in (43) once again marks the outline of triangle I in Fig. 1b . 
Hole current process, polarization diagram
The third inelastic contribution is described by the diagram displayed in Fig. 10 . The corresponding physical process is depicted in Fig. 6c . In this process, the hole of the electron-hole pair, generated by the source electron, can tunnel into the detector quantum dot when the latter's resonant level is tuned below the Fermi sea. Thereby, a current of the opposite sign compared to the previously considered inelastic contributions is generated.
Similarly to the processes in sections VI B 1 and VI B 2, the Keldysh Green's function expression (C9) simplifies to
The second and third line of (45) in this case confine the current to triangle II in Fig. 1b . As a function of the detector energy ω R , contribution (45) constitutes the point reflection of (43) at the chemical potential µ R . Fig. 6c , in which the hole of the electron-hole pair that is generated by the source electron escapes into the detector quantum dot.
Direct and swap electron processes, exchange diagram
The exchange diagrams of direct and swap electron processes are shown in Fig. 11 . The diagrams can be obtained by joining the diagram halves in Figs. 7 and 9 by matching respective Green's function lines, which indicates that the exchange diagrams correspond to interference of the corresponding processes, as is confirmed by evaluation of the expressions below.
The diagrams constitute the complex conjugate of oneanother, so it is sufficient to determine the contribution of the diagram in Fig. 11a . After employing the same approximations as in the previous diagrams to the Keldysh Green's functions expression (C10), the contribution simplifies to
For completeness, we also state the corresponding expression for the diagram in Fig. 11b ,
From the explicit expressions at given energies, it is apparent that (46) and (47) correspond to the interference terms of the processes generating (42) and (43) . The latter processes are obtained from one another by the exchange of an electron, such that their interference terms contribute with a negative sign.
Hole current process, exchange contribution
The last remaining diagram constitutes the exchange contribution of the hole current process of section VI B 3. The diagram is displayed in Fig. 12 and generates the Keldysh space expression (C11), which subsequently sim- plifies to
contributing with the opposite sign of (45) . For contact interaction, ν q ≡ const, we find Ξ ≡ Υ, such that all diagrams cancel. This reflects that two electrons cannot occupy the same position in the reservoir channel, such that no relaxation by means of contact interaction is possible. Intra-channel relaxation thus requires finite range interactions between the charge carriers.
VII. INTERACTIONS BETWEEN RESERVOIR REGION AND SOURCE LEAD
Taking into account tunneling and interactions between several chiral channels, a consistent treatment requires to artificially close the system into a single edge with fixed chirality.
35 Upon inspection of the micrograph of the experimental sample shown in Fig. 1a , one finds that the one-dimensional channels of the source and reservoir region partly copropagate and partly counterpropagate. In a simplified model, we treat the source and reservoir components of the sample as parallel channels with the same chirality, see Fig. 13 . To achieve the most basic consistent treatment, the channels are connected by identifying a point in the source channel downstream of the emitter quantum dot with a point in the reservoir channel upstream of the emitter, denoted by x C . Interaction of the charge carriers on the channels is further required to be maximal when their horizontal coordinates in Fig. 13 coincide, where coordinates in the reservoir and source channels are measured from the dot coordinates x L and x L , respectively.
Following these considerations, the interchannel interaction Hamiltonian takes the form
as expressed in terms of spatial coordinates. The superscript of the interaction matrix element in position space ν d indicates accounting for the additional vertical channel separation d in Fig. 13 . Taking x C to infinity in the source channel and to negative infinity in the reservoir channel, reflecting that the point in which the channels close is located far away from the emitter quantum dot, the interaction Hamiltonian turns into
The development of the Dyson equation for interchannel interaction (50) and the assignment of the respective Green's function components in Keldysh space proceeds similarly as in Section V. In contrast to that section, inter-channel interactions no longer allow for the same concise representation of all possible processes as is provided by the truncated Dyson equation (25) . Instead, the diagrams of all of these possible tunneling processes have to be considered at the second order of interactions, to be developed in Keldysh space. Afterwards, similar approximations as in the case of intra-channel interactions are invoked.
In the diagrams generated by (50), the phase proportional to x L − x L shifts the tunneling coordinate x L in the source channel to the coordinate x L in the reservoir channel, such that all currents become functions of the distance ∆x = x L − x R , as it is the case for intrachannel interaction (27) , compare (39) and (44) .
The interaction (50) generates the second order diagram shown in Fig. 14 , in which only relevant tunneling processes are displayed. Polarization and exchange diagrams featuring both inter-and intrachannel interaction are energetically strongly suppressed.
In the polarization diagram, the Green's function lines in the closed Fermion loop here correspond to tunneling Green's functions of the source lead, which develop with the bare Hamiltonian H 0 as well as with the tunneling Hamiltonian H T .
A. Corrections to elastic current
The interaction between source and reservoir channel (50) contributes a further polarization-diagram term to the interacting self-energy (30), compare (31), and thus to the corrected elastic current (33). This term is given by
(51) Figure 15 . Diagram describing the process in which the source electron, after tunneling into the reservoir region, creates an electron-hole pair in the source lead, before entering the detector quantum dot. The diagram is structurally equivalent to the diagram in Fig. 7 , and reflects that the source lead provides a further decay channel when interactions between source and reservoir are taken into account.
Apart from the additional distance across the source quantum dot accounted for by ν d q , the structure of (31) and (51) is identical. The latter term thus adds to the decay of the inelastic peak as the distance between the dots or the distance of the quantum dots' resonant levels from the Fermi level is increased. Exchange diagrams do not contribute for the relevant tunneling processes.
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B. Inelastic contributions
Contributions to the inelastic current due to the interaction between source and reservoir channel (50) are described by the polarization diagram in Fig. 14 . To evaluate the diagram, the tunneling Green's functions of the source lead which appear in the closed Fermion loop have to be expanded on the Keldysh contour. This expansion is carried out in Appendix D. Here equilibration in the self-energy Green's function lines for the relevant tunneling processes is restricted to the source and reservoir region, as indicated in Fig. 14, compare Fig. 4a. After collection of terms which combine to the transition probability (19) through the left and right quantum dot, the contributions generated by the interaction (50) are identical in structure to the polarization diagram processes of sections VI B 1, VI B 2, and VI B 3, respectively, with the exception of two properties: the additional distance d across the emitter quantum dot, see Fig. 13 , is accounted for by the replacement of the momentum space interaction matrix element ν q by ν d q , and tunneling through the emitter quantum dot on the Fermion loop Green's function lines in Fig. 14 here fixes the energy of the tunneling electron in the reservoir region instead of in the source lead. In the following we find that the latter distinction leads to the generation of triangles III and IV observed in the experimental data displayed in Fig. 1b . Fig. 17a , in which the source electron interacts with the reservoir region where an electron-hole pair is created. The electron of the pair subsequently passes through the detector. The diagram creates current in triangle III in the experimental data shown in Fig. 1b. 
Direct electron current process
Taking into account interactions between reservoir and source (50), the first diagram under consideration is shown in Fig. 15 . The expression generated by the di- Figure 17 . Introducing interactions between reservoir and source channels of the sample, three further inelastic second order processes generate inelastic current: the first process (not shown) is equivalent to the process displayed in Fig. 6a , with the exception that the electron-hole pair is generated in the source lead. (a) In the second process, 1. an electron of the source lead enters the reservoir region. This electron is 2. subsequently replaced by a further source electron dissipating energy. This energy 3. creates an electron-hole pair in the reservoir region. The electron of the pair then 4. enters the drain lead, where the absolute distance of the detector quantum dot energy from the Fermi level can be larger than the corresponding distance for the emitter. This process generates the upper left triangle in Fig. 1b. (b) In the third process, the hole of the pair enters the drain when the detector energy is located below the Fermi level. Figure 18 . Diagram corresponding to the process of Fig. 17b . In this process, the hole of an electron-hole pair, created in the reservoir by a virtual photon from the source, enters the detector. The diagram generates current in triangle IV in Fig. 1b. agram is identical to the contribution of the diagram in Fig. 7 , with the exception of the modification due to the additional distance across the emitter quantum dot. The present diagram therefore contributes
compare (39) and (42) . The diagram in Fig. 15 thus adds a further term to the current generated in triangle I in Fig. 1b , since the interaction with the source lead provides an additional decay channel for reservoir electrons.
Inverted triangle electron swap
The second diagram generated by (50) is shown in Fig. 16 . The physical process corresponding to the diagram is displayed in Fig. 17a . Here, a virtual photon from the source generates an electron-hole pair in the reservoir region. The electron of the pair subsequently enters the drain channel via the detector quantum dot. The diagram is structurally equivalent to the diagram in Fig. 10 and contributes
where the emitter quantum dot transition here fixes the energy ω + ω in the reservoir region. At zero temperature, for δ-like filters (37), and µ I = µ R , we find
The second and third lines of (55) describe the outline of triangle III in Fig. 1b. For d = 0, (55) constitutes the mirror image of (43) with respect to the ω L coordinate, reflected at (µ I + µ L )/2.
Inverted triangle hole current
The third and final diagram generated by (50) is depicted in Fig. 18 , and the corresponding physical process is shown in Fig. 17b . Here, the hole of the electron-hole pair generated by the virtual photon from the source enters the detector quantum dot. The contribution of the diagram is given by
The second and third line of (57) describe the outline of triangle IV observed in the measurement data of Fig. 1b . Also in this case, for d = 0 the contribution is the exact mirror image of the regular hole current (45), with respect to reflection of ω L at (µ I + µ L )/2.
VIII. DRAIN CURRENT FOR FINITE RANGE MODEL INTERACTION
In this section, all contributions resulting from interaction Hamiltonians (27) and (50) are evaluated explicitly for the model interaction (35), previously employed in section VI A. In the source-reservoir interaction (50) the additional distance across the emitter quantum dot is phenomenologically accounted for by the factor
in which d corresponds to the spatial separation of source and reservoir channels. To obtain the current, the function Ξ, defined in (44), has to be evaluated. Subsequently the energy integrals in (43) , in (47), and in (48), have to be carried out to determine all inelastic contributions to the current. Evaluation and results for these integrals are presented in Appendix E. In Fig. 19 , the total drain current, accounting for all elastic and inelastic contributions presented in sections IV, VI, and VII, is displayed on a logarithmic scale that preserves the current's sign. As anticipated in these sections, current is generated in all distinct regions in the space of detector and emitter energy in which the I III II IV Figure 19 . Drain current IR on logarithmic scale. The processes depicted in Figs. 6a, 6b, and 6c, caused by interactions in the reservoir region, generate current in the lower red and blue triangles (compare triangles I and II in Fig. 1b) . The processes of Figs. 17a and 17b, due to interactions between the reservoir region and the source lead, generate current in the inverted red and blue triangles (compare triangles III and IV in Fig. 1b) . The present approach does not account for strong enough interactions to completely suppress the elastic current, as seen in the experimental data. Table I .
While the reduction of the hole current (to the extent that the signal changes sign) along the hypotenuse of triangle II in the measurement data displayed in Fig. 1b at ω L −µ R µ R −ω R is mainly due to an excited state of the detector dot, 10 the reduction in Fig. 19 at similar energies stems from the exchange diagram in Fig. 12 , reducing the current as a consequence of the indistinguishability of electrons. Higher order interaction terms in a model with several channels per edge, accounting for processes in which a reservoir electron excites an electron-hole pair in another channel, which in turn excites an electron-hole pair back in the reservoir, are not subject to such a suppression, since the exchange diagram does not appear for inter-channel interactions at the relevant tunneling order. In the experimental data, the elastic peak is not visible anymore already for comparably small dot energies. While the perturbative calculation to second order in interactions indicates a diminishing elastic signal, the absence of the elastic line for higher filter energies escapes the approximation's admissible interaction strength. Fig. 20 shows the drain current along a line cut in ω R at constant ω L , for increasing dot separation ∆x. With the separation also the transfer time ∆x/v increases, such that the sequence in Fig. 20 can be viewed as the temporal evolution of the electronic system in the channel (cf. Ref. [19] ). With the decrease of the elastic contribution, inelastic contributions intensify. While the process of Fig. 6a leads to a current displaying a maximum next to the elastic peak at ω L = ω R , all remaining inelastic processes contribute close to and above (processes in Figs. 6b and 17a ) or below (processes in Figs. 6c and 17b ) the Fermi level. The reason for this localization in energy space is that a screened interaction, such as (35), is suppressed with increasing energy of virtual photons. While the photon energy (measured in units of v/λ) for the former process is determined by the energy difference of the filters ω L − ω R , for the latter processes this energy depends on the distance of the filter energies from the Fermi level, ω R − µ R and ω L − µ R , respectively.
IX. SUMMARY AND OUTLOOK
A perturbative diagrammatic approach allows to relate individual signals measured in the ETH electron spectrometer to underlying physical processes. As a central point, the analysis shows that interactions between electrons in source and reservoir of the experimental sample generate current in regions of the detector-emitter energy landscape, in which the detector energy can exceed the emitter energy, thus giving rise to triangles III and IV in the measurement data displayed in Fig. 1b . These currents are generated by Auger-like recombination processes in which the recombination energy is directly transferred from the source channel to the reservoir region. Thereby charge carriers are generated in the reservoir region at energies that can exceed the energy of electrons emitted from the source.
The experimental detection of energy transfer between leads and the central edge of the electron spectrometer, in combination with our theoretical analysis, suggests that such processes might have a significant impact on relaxation characteristics of mesoscopic devices, and that this decay channel cannot in general be readily neglected, as has previously been conjectured.
14 It would be interesting to see in a quantitative study whether Auger-like processes can account for a significant amount of the energy loss reported in Refs. [12] and [16] .
For finite-range interactions, our approach furthermore demonstrates that processes, in which the original source electron enters the detector after dissipating some of its energy, contribute close to the elastic line, i.e. at comparable dot energies. Processes in which the original electron is exchanged for a charge carrier from the Fermi sea, contribute close to the Fermi level.
The perturbative nature of the approach in interactions limits its validity in terms of maximally admissible quantum dot energies (as measured from the Fermi energy), interaction strength, screening length, and spatial separation of quantum dots (see discussion in the last paragraph of Section VI A), as well as number of interaction events. As a consequence, the present treatment is not suitable to quantitatively reproduce the signal measured in the sample, and to account for the absence of the elastic line in the measurement data at higher quantum dot energies. Relaxation due to inter-channel interaction between several channels in the reservoir edge cannot fully be captured by second order perturbation theory. Since this relaxation mechanism is not inhibited by Pauli blocking, it likely constitutes the dominant relaxation channel generating inelastic currents in triangles I and II. To extend the applicability of the formalism to the aforementioned scenarios, it is necessary to include higher order interaction terms.
A full-scale non-equilibrium bosonization approach, 24, [39] [40] [41] [42] [43] [44] describing interactions exactly, including also effects of interchannel interaction within the reservoir region, poses a particular challenge when tunneling through the dots and finite range interactions are accounted for simultaneously. Our perturbative treatment indicates which elements have to enter an attempt for a full bosonization solution that captures currents in triangles III and IV.
A further evident opportunity to apply the perturbative approach is the case in which the sample is not subject to an external magnetic field, such that electrons in the sample propagate in two dimensions. Here, the elastic line remains visible in the measurement data, 10 indicating that this case lies well within the validity of second order perturbation theory also at higher injection energies. Without the magnetic field, the geometry of the spectrometer plays a crucial role, with a significant enhancement of the signal at resonance energies of the sample. Within the general scheme of the present approach, such effects of geometry can be accommodated in the Green's functions that determine the transition amplitudes of the reservoir region. In this appendix, the intermediate steps which lead to the general expression (8) for the drain current are presented.
Following [27] , the fact that the drain channel is assumed to be non-interacting allows us to expand
in (7). Here g LRLR denotes the Green's function of the drain lead which develops solely with the bare Hamiltonian H 0 , and G DRDR denotes the Green's function of the detector quantum dot developing with the full Hamiltonian H. Expanding the Green's functions in (7) in their form (A1) on the Keldysh contour leads to the expression 27,45
The Green's function of the detector quantum dot develops according to
Expanding the lesser and greater Green's functions of the drain lead in (A2) in terms of (A3), on the Keldysh contour, according to the Langreth rules, 45 we have for the lesser component
The same relation follows for the greater component with "<→>". After expansion of the lesser component of the Green's function (9) by means of the respective kinetic equation, 45, 46 
followed by subsequent insertion of (A5) into (A4), only the third term of (A4) (and of the latter's counterpart for the greater Green's function) contributes in (A2). To see this, the explicit expressions for the lesser and greater component of the drain lead's tunneling self-energy,
and
respectively, have to be inserted into (A2) and (A5). Thereby, the first, second, and fourth term of (A4) cancel with the greater component counterpart in (A2), since the Fermi distributions of these terms are evaluated at the same chemical potential µ R of the drain lead. Insertion of the remaining third term of (A4) into (A2) then leads to the desired general expression for the current (8) .
Using the kinetic equations for the retarded and advanced components of the dot-lead Green's functions
and insertion of the explicit expressions for the lead selfenergies in the wide band approximation,
allows to cast the general formula (8) for the current into the explicit form (12) .
Insertion of the second and fourth term of expansion (26) into the general expression for the current (8) , and expansion of the lesser/greater Green's functions of the reservoir region (17), leads to
For the model interaction (35), we obtain for the polarization diagram term (31) the contribution
and for the exchange diagram term (32) the contribution
in which
The poles of (C2) are located at ω = µ ± iv/λ and E In (C1), the poles of (C2) contribute terms that decay as exp (−∆x/λ). Due to the similarity of the pole structure of (C3) we expect a similar decay also in the exchange contribution.
Neglecting the poles of (C2) and (C3), the corrected transition self-energies in (C1) are given by
According to the above considerations, the approximation in the second line of (C5) is justified as long as λ ∆x. Combining all terms in (C1) then generates the second and third term in (33). We neglect the third term, which is suppressed against the second term by a factor of λ 2 /∆x 2 . For the evaluation of the ω integral in (33) we take into account residues of T L/R and not of E 2 . For (C2), the contribution of the latter is suppressed by a factor of 2(1/2π)
Inelastic contributions in terms of Green's functions
After collection of all tunneling terms which correspond to one electron or hole transmission per quantum dot, and discarding the remaining terms, no tunneling amplitudes remain in the reservoir equilibration term in (36),
After the initial approximation (C6), the contributions due to the diagrams in Figs. 7, 9, 10, 11a, and 12 are, respectively, given by 
The subscript Q in the index of the reservoir Green's functions indicates that the photon momentum q has to be added to the index and that the index is summed over. While the first trace in the polarization diagram expressions (C7), (C8), and (C9) corresponds to the closed Fermion loop, the second trace in the same expressions corresponds to the lower line of the respective diagrams.
Appendix D: Tunneling Green's functions of source channel
In this appendix, the source channel tunneling Green's functions are presented, which are required to determine the diagrams that contribute due to interchannel interaction (50). These Green's functions develop according to
Upon insertion of (D2) into (D1), application of the Langreth rules, and subsequent collection of all terms, the lesser/greater component of (D1) on the Keldysh contour becomes
where we defined the tunneling self-energy
Inspection of (D4) shows that this Green's function again accounts for equilibration in all components of the system, c.f. (36). The first line in (D4) contains the bare lesser/greater Green's function of the source lead, and thus accounts for direct equilibration in this lead. The second line describes equilibration after tunneling into the intermediate reservoir region. The third line describes tunneling from the source lead to equilibration in the drain lead, passing both quantum dots. Taking into account only one passage through each quantum dot as in section VI, we neglect the third term of (D4). For the first term of (D4) we employ
compare (C6).
Appendix E: Energy integrals for finite range model interaction
This appendix contains explicit expressions of integrals of (44) for the finite range model interaction (35), required to evaluate all diagrams in which a charge carrier that has been excited from the Fermi sea passes through the detector.
Upon insertion of (35) into (44), we find Ξ (ω ) = ν 0 ∆x λ 2 ω 2 + v 2 + 2iλ 2 vω
in which we neglect the third term on the right in case 28 Taking into account also the broadening by the coupling to the reservoir generates the transition coefficient (19) . 29 C. Neuenhahn and F. Marquardt, New Journal of Physics 10, 115018 (2008) . 30 In Keldysh space, one-body potentials only affect retarded and advanced self-energies. The greater and lesser components of the self-energy are unaffected.
? Only the latter cause inelastic currents. 31 The lesser and greater components on the Keldysh contour follow from the Langreth rules. 45 . 32 At the present level interaction corrections stem from the first term of the full Dyson series of interaction terms for non-local self energies. Summing the respective full series leads to an exclusively positive oscillatory result. Inclusion of these higher order terms requires a more sophisticated scheme to develop the reservoir region Green's function than provided by (25) , which will be presented elsewhere. 33 It has been demonstrated that, under these conditions, the relevant Green's function obtained from second order perturbation theory agrees with the exact Green's function from bosonization. 29 . 34 The combinations of θ functions in (42) and (43) In the perturbative approach, the last three terms of the above amplitude diverge. Since the transition amplitude is local, a full solution only changes occupation probability and density of states in the left lead, without immediate influence on transfer processes and relaxation between the quantum dots. Such local cor
